Type-I quantum impurities are investigated in the context of the integrable Heisenberg model. This type of defects is associated to the (q)-harmonic oscillator algebra. The transmission matrices associated to this particular type of defects are computed via the Bethe ansatz methodology for the XXX model, as well as for the critical and non-critical XXZ spin chain. In the attractive regime of the critical XXZ spin chain the transmission amplitudes for the breathers are also identified.
Introduction
It has been well established by now that integrable impurities are objects that carry significant physical and algebraic meaning, hence a considerable amount of work has been devoted to their extensive study both at quantum [1] - [12] and classical level [13] - [23] . The present investigation is a natural continuation of previous studies on the subject [11, 12] . More precisely in [11] the derivation of exact transmission amplitudes via the Bethe ansatz formulation in the context of the XXX and XXZ spin chains was established for the first time, whereas in [12] transmission matrices associated to the gl n , U q (gl n ) (n > 2) algebras were derived. Recall that the transmission matrices physically describe the interaction between the excitations of the system and the impurity, therefore they encapsulate significant physical content. In both [11, 12] the so-called type-II defects were examined; these are associated to generic representations of the gl n , U q (gl n ) algebras.
Here we complete the analysis on quantum defects within the Heisenberg spin chain framework by implementing the so-called type-I defects [3] . These defects as will be clear subsequently are related to the (q) harmonic oscillator algebra. It is worth noting however that the transmission matrices derived in the XXZ critical regime -which may be mapped to the sine-Gordon model-are distinct to the ones derived for the sine-Gordon in [2, 4] . Nevertheless, in both situations the matrices are associated to variations of the q-harmonic oscillator algebras, thus the overall physical factors in front of the transmission matrices turn out to be similar as will be evident in the analysis that follows.
The formulation of an one dimensional lattice integrable theory in the presence of a defect is well formulated within the context of the quantum inverse scattering method (QISM). In general, let us consider an one dimensional (N + 1)-site theory with a point like defect on the n th site. In this case the modified monodromy matrix of the theory reads as [24] T (λ) = R 0N +1 (λ) R 0N (λ) . . . L 0n (λ − Θ) . . . R 01 (λ) , (1.1) where R corresponds to the "bulk" theory, L corresponds to the defect, and Θ is an arbitrary constant corresponding to the "rapidity" of the defect. The Lax operator satisfies the quadratic algebra
where the R-matrix is a solution of the Yang-Baxter equation (see e.g. [25] and references therein). The monodromy matrix of the theory T (λ), naturally satisfies (1.2), guaranteeing the integrability of the model. The Hamiltonian of any generic system with a point-like defect is given e.g. in [11] and may be derived as is well known via the trace of the monodromy matrix over the auxiliary space 0.
The outline of the present work is as follows: in the next section we introduce and study the isotropic Heisenberg (XXX) spin chain in the presence of one point-like type-I defect. The relevant transmission matrices are then derived via the Bethe ansatz formulation. Similarly, in section 3 the XXZ model in the critical and non-critical regime in the presence of type-I defect is considered. In the critical regime in addition to the soliton transmission matrix the breather transmission amplitudes are also identified. A discussion on the present results as well as on possible future directions is presented in the last section.
The XXX spin chain
We start our analysis on type-I defects with the isotropic Heisenberg XXX model. The R-matrix, which characterizes the bulk behavior of the monodromy matrix, is given by the Yangian [26] :
P|a ⊗ |b = |b ⊗ |a is the permutation operator. We choose to consider as the defect L-matrix the discrete non-linear Shcrödinger Lax operator, (see e.g. [27] )
2)
The underlying algebra in this case is essentially the harmonic oscillator algebra, which naturally arises from the quadratic relation (1.2), and is expressed as
For our purposes here we shall also need to introduce the L-matrix via the crossing propertyL
The derivation of theL matrix is necessary in order to formulate the "unitarity" and "crossing-unitarity" relations as will be transparent below.
TheL matrix has the explicit form:
It is easy to check that the L andL-matrices satisfy the "unitarity property"
as well as the "crossing-unitarity property"
Our first task is to extract the respective Bethe ansatz equations. To achieve this within the algebraic Bethe ansatz formulation we assume the existence of "highest weight" states locally, such that:
The global reference state for the model is evidently expressed as
Then the Bethe ansatz equations (BAE) associated to the L,L-matrices as defect matrices become: 10) where the plus corresponds to the L-matrix and the minus to theL-matrix. Θ is the rapidity associated to the defect, and we also define:
The process of identifying the transmission amplitudes has been described in detail in [11, 12] , and the whole methodology is based on [24, 28] . We shall basically focus here on the derivation of the related transmission matrices. To obtain the transmission amplitude associated to the harmonic oscillator defect it suffices to consider the state with one hole with rapidityλ (low lying excitation above the ground state) [29] . The corresponding densities that describe the state in the thermodynamic limit are given as
where the ± in the densities above correspond to the ± of the BAE; also the Fourier transforms of the quantities involved in (2.12) are defined aŝ
The last term in (2.12) corresponds to the existence of the hole in the filled Fermi sea, and provides the hole-hole scattering amplitude (see also e.g. [11] and references therein).
To obtain the quantities r ± t we have also used the following Fourier transforms:
where we define:
The transmission amplitudes, which physically describe the interaction between the low lying excitations -holes in the filled Fermi sea-and the defect are given by (see e.g. [11] for more details on the derivation)
The transmission factors may be identified through expression (2.16), and the useful identity 17) and are found to be
It is also essential to recall the S-matrix of the XXX model [24, 30] , which satisfies the Yang-Baxter equation, and is expressed as
where
The transmission matrices T,T, satisfy the quadratic algebra [1] :
with the S-matrix defined above (2.19) . Given that, one may check that the transmission matrices may be cast as
whereas the conjugate transmission matrix is given as:
Note that the operatorN is shifted by a factor 1 2 , compared to the operator N of the "bare" defect matrix L (L) as is also verified by the computations of the quantum numbers via the Bethe ansatz equations, and the asymptotic behavior of the transfer matrix.
It is worth noting here that both T andT matrices satisfy the quadratic algebra (2.21), therefore are somehow equivalent algebraic entities. The overall factors in front of each expression are compatible with the BAE, as well as the unitarity and the crossing property requirements, i.e.
The latter relations have been explicitly checked and verified for the transmission matrices derived above. Thus the validity of the transmission amplitudes derived thought the BAE is further confirmed via (2.24), this of course provides an extra validity check.
The XXZ spin chain
We now proceed with the analysis of the type-I defects within the XXZ spin chain. Let us first introduce the R-matrix associated to the XXZ model, which has the familiar form [31] R(λ) = e µλ q 1 2
In the critical regime (no mass gap) µ is real, whereas in the non critical case
The defect L-matrix we choose to consider here is associated to the q-deformed oscillator algebra:
The latter matrix corresponds to the so-called Discrete-Self-Trapping (DST) model [32] , and may be thought of as a q-deformation of the discrete non-linear Schrodinger model. It is convenient to parameterize the q-oscillator algebra via the Weyl-Heisenberg elements:
More precisely,
The algebra associated to the L-matrix above as already mentioned is the q-harmonic algebra, and is expressed as
The conjugateL matrix, obtained via the crossing propertŷ
is then given asL
The L,L matrices satisfy the unitarity and crossing unitarity properties as:
As in the previous section in order to derive the Bethe ansatz equations we consider highest (lowest) weight states. It is convenient here, due to the parametrization of the q-harmonic algebra to consider "lowest weight" states as local reference states:
The global reference state then is:
The Bethe ansatz equations associated to the L andL matrices are given by expressions (2.10), where we define in the critical XXZ case: 11) and in the non-critical regime:
(3.12)
The critical case
We shall distinguish two regimes in the critical case that is the repulsive and the attractive one depending on the values of the anisotropy parameter. This regime may be suitably mapped to the sine-Gordon model. Therefore, it is useful to provide the relation between the sine-Gordon coupling constant β 2 , and the anisotropy parameter µ of the XXZ model (see also e.g. [33] for a more detailed discussion):
Note that in the attractive regime the formulation of bounds states between solitons and anti-solitons of zero spin (topological charge), the so called "breathers" is allowed.
The main focus here will be in the attractive regime; basically due to the existence of bound states. Thus the scattering between the breathers and the defect may be also investigated in this context. Analogous results may be extracted in the repulsive regime (see e.g. [11] ), which will not be treated here for brevity. As was shown in earlier studies, the ground state in the attractive regime consists of the so-called negative parity strings (see also e.g. [33] and references therein)
The BAE are then modified as follows, compared to (2.10),
where we define
A generic state with one particle excitation of rapidityλ (one hole in the filled Fermi sea of negative parity strings) is considered and the density associated to this state may be derived based on the standard formulation [24, 28] . It turns out that the derived state density is given by the following expression
The Fourier transformations of the quantities appearing in (3.17) are found to bê
, 0 < n < 2ν ,
, 0 < n < ν ,
, ν < n < 2ν ,
Similarly to the previous section, the density is compactly expressed as 20) whereas the Fourier transforms of the latter quantities are given bŷ
The quantity r provides the soliton-soliton scattering amplitude (see e.g. [11] and references therein for more details).
The S-matrix in this regime, solution of the Yang-Baxter equation as well, is given as [34] The transmission matrices T,T satisfy the quadratic algebra (2.21) together with the S-matrix presented above (3.23), thus we conclude that the transmission matrices can be expressed as Crossing and unitarity properties (2.24) (λ → u) are satisfied by the matrices T,T as has been explicitly verified.
We may compare the transmission amplitudes with earlier results on type-I defects [2, 4] , although it is worth mentioning that the transmission matrices, as well as the underlying algebras are quite different. Nevertheless, both algebras are essentially variations of the q-deformed oscillator, and therefore the derived transmission amplitudes turn out to be similar. Indeed, consider for instance the expression for T + (3.26), by setting
one recovers the transmission amplitude derived in [2, 4] .
Breathers
Having identified the soliton transmission matrix we may now proceed with the derivation of the breather type-I transmission amplitude. The breathers are in general identified within the Bethe ansatz frame by suitable "string configurations" via the so-called string hypothesis [24] . A state with two light breathers with rapiditiesλ 1 ,λ 2 will be considered. We shall basically deal with the lightest breathers for simplicity; a generalization of the results concerning higher breathers is then straightforward [33] , and is given at the end of the subsection. The lightest breather is described by one positive parity (real) string with rapidityλ j , then the BAE for the state with two light breathers are expressed as :
To describe and understand the scattering process for the breathers it is necessary to take into consideration two sets of Bethe ansatz equations; the first set describes the negative parity one-strings, while the second one describes the breather itself. The second set of BAE is necessary in order to derive the energy and momentum of the breather, and also compare with the quantization condition with respect to the breather (for more details see e.g [33] and references therein). The second set of BAE describing the breather with rapidityλ 1 is derived as
We shall also need in what follows the Fourier transform of a ± (2.15) derived as:
From the first set of BAE (3.30) the following density regarding the negative parity strings arises,
where we define the Fourier transforms of B ± aŝ
R is associated to the breather scattering amplitude (see e.g. [11, 33] for more details).
The second set (3.31) leads to the density describing the breather 35) where the corresponding Fourier transforms read aŝ
r b gives rise to the breather scattering amplitude [11] .
The expressions for the breather transmission amplitude are given as (see also [11, 33] ):
Through (3.37) and (2.17) the breather transmission amplitudes may be identified as
, and it is clear that our expressions (3.38) for the breather transmission amplitudes coincide with those identified in [4] up to a shift in the spectral parameter. Notice that crossing is also verified between the two latter amplitudes that is:
The results on the transmission amplitudes may be generalized for higher n-breathers, which are represented by n-positive parity strings with real centersλ j (see also [11] ). More precisely, it is straightforward to see (see e.g. [33] ) the transmission amplitude of an n-breather is
This concludes our analysis in the critical regime of the XXZ model.
The non-critical case
We shall investigate in this section both type-I and II transmission matrices in the noncritical regime of the XXZ model. Before we proceed with our analysis let us first introduce some useful technical points. In this regime we basically deal with discrete Fourier transforms, and the relevant conventions are set as follows (see e.g. [35] and references therein):
Using the latter conventions we derive the following useful Fourier transforms:
In this regime the main modification compared to the critical case is that the hyperbolic functions turn to trigonometric ones. As in the cases examined in the previous sections in order to derive the transmission amplitudes it suffices to consider a state with one hole of rapidityλ in the filled Fermi sea. Then the density of the state is given by (3.20) , and the Fourier transform of the quantities appearing in (3.20) are defined as followŝ
It is also a good opportunity at this point to present the bulk S-matrix derivation in the non critical regime of the XXZ model. As explained in detail in previous works [24] , to obtain the bulk S-matrix one needs to deal with a state consisting of two holes with rapiditiesλ 1 ,λ 2 in the filled Fermi sea. Then the hole-hole scattering amplitude of the non critical XXZ model is given by:
1 + e −2η|k| . (3.43)
Recall also the useful identity (see [35] and references therein)
1 + e −2ηk = ln
The Γ q -function is the q analogue of the familiar Euler Γ-function, and is defined as:
We may then express the scattering amplitude above in terms of Γ qfunctions as
It is clear that in the isotropic limit q → 1 one recovers the XXX hole-hole scattering amplitude presented in section 2.
The bulk S-matrix, solution of the Yang-Baxter equation, for the non-critical XXZ chain is then expressed as:
where we now define
The transmission amplitudes associated to type-I defects are also given via
λ =λ 1 − Θ. Recalling expressions (3.49) and the useful identity (3.44) we can also extract the transmission amplitudes in terms of Γ q -functions as
Alongside the S-matrix (3.47), the transmission matrices T,T satisfy the quadratic algebra (2.21). Thus the corresponding transmission matrices turn out to be of the familiar form:
Crossing and unitarity properties (2.24) are also explicitly checked and verified for the transmission matrices above.
Let us also briefly derive the transmission matrices of type-II associated to the spin S-representation of U q (sl 2 ) in the non-critical regime of the XXZ model. The BAE in this case are given by (see e.g. [11] ):
Deriving the density of the state with one hole in the filled Fermi sea on may extract the transmission amplitude as
1 + e −2η|k| (3.54) and it is easy show via (3.44) and (3.54) that
is the shifted spin as also computed explicitly via BAE (see also [11] for a detailed discussion). The type-II transmission matrix in the non-critical regime satisfying (3.56) It is easy to check that in the isotropic limit q → 1 one recovers the results obtained in [11] for the XXX model. This concludes our derivation of transmission matrices in the non-critical regime of the XXZ spin chain.
Discussion
Type-I integrable quantum defects have been considered in the context of the (an)isotropic Heisenberg model. The type-I defects are associated to the quantum harmonic oscillator algebra, and are distinctly different to type-II defects, which are associated to the sl 2 (U q (sl 2 )) algebra [11] . Here via the Bethe ansatz formulation the exact transmission matrices are explicitly derived. It is worth pointing out that although the transmission amplitudes derived here in the critical XXZ case are similar (up to a shift to the spectral parameter) to the ones found in [2, 4] , the corresponding transmission matrices are different to the ones identified in [2, 4] in the frame of the sine-Gordon model. It is however clear that in both cases the transmission matrices satisfy variations of the quantum harmonic oscillator algebra. The findings within the XXX and the non critical XXZ spin chain are derived here for the first time.
In the present investigation we have restricted our attention to the XXX and XXZ spin chains. It would be of great interest to extend our analysis in the case of higher rank (deformed) algebras. More precisely, the implementation and study of generic representations of the generalizations of the quantum harmonic algebras in both isotropic and anisotropic case in order to derive the corresponding transmission amplitudes would a very interesting direction to pursue. It is worth pointing out that not much progress has been achieved so far towards this direction, especially in the isotropic case. Also, depending on the values of the coupling constant it is possible to consider the formation of bound states between the particle-like excitations and the defect. This analysis may be achieved through the investigation of the poles appearing in the overall physical factor of the transmission matrix. All the above are significant issues, which hopefully will be addressed in the near future.
